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Assessment Schedule — 2006
Scholarship Mathematics with Calculus (93202)

Evidence Statement

The hour hand travels at 12 = Lradians / minute
60 360

If ¢ is the angle between the hands then

do b1 T 1z . .
— =| — — —— | = ——radians / minute
dt 30 360 360

At 9am a:%,x=1o

dr 48 lln
dr 10 360
11w .
= —cm/min.
75

The rate of change of the distance between the tips of the hands of the clock at

9 am is mcm/min.
75

Question Evidence Code Judgement
ONE 2 m . . I
(a) The minute hand travels at — = —radians / minute
60 30
Using the cosine rule with x = the distance between the tips of the hands,
¥ =8 +6"—2x8X6xcoso
=100-96cosa
EITHER
22 ¥ = 965in 0 %
dt de
dx _ 48sino da
dr J100-96cosr df
OR
22 X = 96sina
do
dr _dv do_96sina do
dt da dt 2x dr
___________________________________________________________________ _- N

Accept 0.46.
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ONE
(b)

EITHER:

Given In(1+x) =~ 4+ Bx+Cx” and assuming equality, for all x,
-1 <x <1

Putting x = 0 gives 4 =0

Differentiating wrt x

= B+2Cx andputtingx=0, B=1
I+x

Differentiating again wrt x

-1 . 1
~=2C and puttingx=0, C=——

In(1+ x) = A+ Bx + Cx*

——=B+2Cx and
1+x (l+x)

but (1+x) ' =1—x+x"—x’+...
and equating coefficients B=1,2C=-1,C=-0.5

So 1n(1+x)zx—%x2 but whenx=0,4 =0.

n+3 n—1

1 1

or (1 + —j < (1 + —j , taking logs of both sides
2n n

(n+3)1n(l+L] < (n—l)ln[l+lj
2n n

and approximating from the above result

(n+3)| - <(n —1)(——%), 0<l<i n>1
_____2_@_") _____________ 2 "

j (—1)[ 1] _____________________________

and since n > 0

(n+3)(4n—-1)<4(n-1)(2n-1)

8n* —12n+4—4n* =11n+3>0
4n* = 23n+7>0

S 23++/529-112

8

(n+3)(

since n >0

> 23+2042 5.428, so the least integer is n = 6.

NBonlyx=0
acceptable since it
removes higher
powers of x.

I If calculated
from this line by
trial and error etc

Award N if first
result not proven
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ONE
©

Vol, V =J nx’dy
0

o T s
=n | (2acos(2y)+b) dy

L0

@ T

=r (4a2 cos’(2y) +4abcos(2y) + bz)dy

=n | (24’cos4y+2a” +4abeos2y+b|dy

Vv 0

T

1 . .
=n|:5a2 sindy +2absin2y + (2a’ +b2)y}

=m ((2a*+b*)m)
=1’ (2a*+b?)
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TWO
(a)

Using cos26 =2cos’0—1,
cosE= 2cos’ E—l
4 8

, T \/5 2+\/§
=1+—=

and 2cos” — =
8 2 2

g:\/2+\/§:\/2+\/5 |

4 2

1471 (1+7i)(-3-4i) 25-25

—3+4i (-3+4i)(-3-4i) 25 ==

EITHER
Further 1 —i= ﬁcis(—%)

Solving z° :\/Ecis (— gj ,

z:{‘/Ecis (— %j or {‘/Ecis (%J

Either

V2+42

So hence since from (i) cosg ==

and from sinE =2 sinEcosE
4 8 8
J2
i 2 A2
8 a2 2(\/2+\/5j

Y =4-2-2=2-2
y:v2—\/5 2+42

Z:z\t/gcis(_gj (1/5 \/2+\/5_i\/2—\/5 =\/2\/E+2_i\/2,\/5_2

2 2 ) )

o @cis(%j:@ 22 A2 :_w/2\/5+2+iw/21/§—2

2 2 2 2

Or

Treat N and 1
lines
independently

Accept degrees
and decimals
here £1.0987 +
0.4551 or
equivalent

I- for one root

Decimals NOT
allowed here

Or equivalent

Or equivalent
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Z—Q/Ecis(—gj=4/§ m_i N

3 2( 2+\5) =\/2\/25+2_i\/2\/2§—2

afn . [T, \/2+\/§ . «/5
or \/5015 — =\/5 - +1i

8 2 2(\/2+\/5)
OR
Let z=a+ib,so z°=a’ —b’ +2abi

Soa’-b'=1 2ab=-1.

, 1+4/2 )
= >0
a ) (a )
_ 1+42
2
1 1 2 1 2
and b=——=:—1/— =;—1/—
20 " 2\1+42  2V1+42
or
2 1 2 2-1
b-:az_l 2 _ +'\/__1:'\/_
2 2
b=+ E
2
SO

:_w/2w/5+2+ix/2w/§—2
2

2

Or equivalent
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TWO
(b)

Either

f(x)=3x"—6x-1
f7(x)=6x—-6

So when f”(x)=0, x=1 and this is a point of inflection (f’”(x) =6# O)

x=1, f(x)=-1 and so (1,-1) is a point of inflection.

Since all cubics have rotational symmetry about their point of inflection we can write
that

gx)=x"=3x"—x+2, x>1

OR
In general (a, b) is mapped to (2—a, —b-2)

=—(2-x)"+3(2-x)"+(2-x)-2-2
=x’ —6x" +12x—-8+3x" —12x+12—-x -2
=x =3x"—x+2.

OR

Translate f'so that (1, —1) goes to the origin

f)=(x+1) =3(x+1) = (x+1)42+41

Then reflect this function in each of the axes to get the rotation
(oruse (x,y) = (—x,-y))

ie g(x)=—f(-x) = —(—x+1)3 +3(—x+1)2 +(-x+1)-3
And now translate back to (1, -1)
()=~ (~(x=1)+1) +3(=(x=1)+1) +(=(x=1)+1)-3-1

g(x)=—(2—x)3+3(2—x)2+(2_x)_4

=x —6x*+12x—-8+12—12x+3x*+2-x—4
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=x*-3x"—x+2, x>1
OR
Let g(x)=ax’ +bx’ +cx+d
Use symmetry to find 4 points on the graph of g(x).
For example, (1, —1) is on the graph of g(x).
(0,2)1is on f{x) so (2,—4) ison g(x)
CL-DisonfsoG,-Dison gy
(-2,-16) is on f{x) so (4, 14) is on g(x)

Substitute into g(x) = ax’ +bx’ +cx+d and solve the 4 equations for a, b, ¢ and d
(this may require a graphic calculator) to get

a=1,b=-3,c=-1,andd =2.

x>1 not required

Any 2 correct
points

Any 4 correct
points
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THREE
(a)

y:sin(lnx), x>0
jx—yz %cos(lnx)
ji—f:;—zsin(lnx)——zcos(lnx)
_oy 1dy
B x2 X dx
EITHER
: J2}+x%+y =k
—y—x—y+x%+y=k
________________________________ o]
OR
x* LJ; x4 y=k
x? [;—lein(lnx)—x%cos(lnx)}+x(%cos(lnx)}+sin(lnx)
=—sin(lnx)—cos(lnx)—i—cos(lnx)-i—sin(lnx)
= k=0
d()c2 dy]
When —dxzxd—y—y-i-S
dx
. d J;+2x%=x—y +5
2
x° (:1x—);+x%+y=5
So k£ =15 in the above.
EITHER
Hence try y = sin(ln x) +5 as asolution
LHS =x’ [;—21 sin(lnx) - xizcos(lnx)] +x(%cos(lnx)] + sin(lnx)+ 5
=—sin(lnx)—cos(lnx)+cos(1nx)+sin(lnx)+5:5=RHS
So y= sin(lnx)+5 is a solution.
OR
Hence try y = sin(lnx) +nx’ +mx+5 as asolution

Accept
y= sin(lnx) +5
if just stated.

Orwithn=20
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. [;_jsm(lnx)_xizcos(lnx)+2nj+x(§cos(1nx)+znx+m]
+sin(Inx)+n’x+mx+5=5

and

—sin(Inx) - cos (Inx)+ 2nx” + cos (In.x) + 2nx” +

mx +sin (In.x) + nx’ +mx =0

andn=m=0

So y= sin(ln x) +5 is a solution.
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TH(E)EE sin(lnx) =a cos(ln y) = %
b
1
a b2 -1
Inx Iny
1-a’ 1
tan(ln(xy)).tan[ln[in = tan(lnx + lny).tan(lnx - lny)
Y
B tan(lnx)-i—tan(lny) tan(lnx)—tan(lny)
- tan(lnx).tan(lny) 1+ tan(lnx).tan(lny)
~ tanz(lnx)—tanz(lny)
1-tan’ (lnx).tan2 (lny)
"""""""""""""""""" s v
1-a’ 1
3 a b -1
1-4* 1
B az—(bz—l)(l—az)
C1-d —az(b2 —1)
_ a’—b +a’h* +1-a’ _ a’h’ —b* +1
- d-db+d 1-dP
hence when sz;l—
l—ab
a’b’ — b +1=1-a’p
2a°h* -b* =0
b (24* -1)=0
b #0 d° =%
a= i%
OR
tan ln xy tan[l (ﬁjj
y
sm ln(xy) s1n[l|{£j]— cos ln xy )cos{ll{xﬂ
y y
cos(ln(xy +1n{£j]
y

Or equivalent
in sin and cos
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cos(21n(x)) =0
1-2sin”(In(x)) = 0
1-2a>=0

a==

-
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FOUR
(a)

Method 1
Let O be the centre of the coin. Triangle OPT is isosceles, so

T . 3m
R=2rcos— or 2rsin—
14

Hence the ratio of the circumference of the 50p coin to that of the circle its vertices lie
on is

) b
R T2rcos— -
— =———F=C0S—.
2nr 2nr 14
Method 2

Using the cosine rule (or sin rule) in triangle OPT

Hence the ratio of the circumference of the 50p coin to that of the circle its vertices lie
on is

2nr 2nr 2 2
. 3n
=sin—.
7
Note: sin— = cos LA cosl.
2 14

N and I points
assessed
separately

Accept 1.949r

Accept 0.975

Accept degrees

Accept

2(1—c0s6nj
7

2

Accept
reciprocal (1.026
in decimals)
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FOUR
(b)

For family 1, with y = f(x): yd—y:2y+x or d_y:2+£ =2+2)
dx dx y

. . dy y
So for family 2, with y = g(x): = =
y y=2g) i 2pra
EITHER
dx 2y + dx
de_ 2yrx dv
dy y dy
Integrating with respect to y
dx
Jy—-I—x y=—J2ydy
dy
xy==y"+c
yix+y)=c
OR
d
(2y+x)—=-y x4 y=-2y=
dx
Integrating with respect to x
d d
_[ x—y+y xZ—IZy—ydx
dx
xy==y"+c
y(x+y)=c
OR
If we let z=— then d—y:—L:_ 1
y dx 2y+x 24z
and—=l—izd—y=— 1+z !
y y'dx oy 24z

and separating the variables and integrating

24z &=2jldx
J z(l+z) X

using the given result

21 dz=2jidx
Jz z+1 X

2lnz-In(z+1)=2Inx+C

2
ln[ z ]= ln(kxz) where Ink = C
z+1
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= fx?
z+1
2
X - o
y(x+y)
1
=k, x#0
) 7
ky(x+y)=l
OR
dv__ oy __ 1
dx  2y+x 24z
2(1
y dy ydy y dy 'y y y
1 1
—dz==2|-d
I+z ¢ J.y Y

In(1+z)=-2In(y)+InC

1+z=£2
y

1+£:£2 yi+xy=C
y y

y(x+y)=C
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FIVE
(a)

Since the direction of motion is given by the gradient,

2 2
differentiating x_2 + Z—z =1 wrtx we get
a
2x 2 . :
_x+_yd_y:O and forP=(acosG,bs1n9), d_y:_ﬁ:_bc?se =—£cot0
a b dx dx 4’y asinf® a

So the gradient of the normal at P is %tan@

EITHER
Equation of this normal is

y—bsin@z%tan@(x—acos@)

when x =0 and 02%

ﬁ_a[ ﬁ} By

and yzg

So the vertical distance below the level of P is

bﬁ_%(]f _az)_ﬁ(az e +b2) \/Ezz

2 S 2b 2
OR
When 6 =n/4 P
. . a av?2 a\E
Gradient of the normal at Pis —, and P = R
b 2 2
The distance required, say £, is given by k

k a a\E _\Eaz

:3 and k=— .
av?2 b b 2 2b
2 X

Early
substitution
of 6=n/4
good
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FIVE
(b)

LetQ = (a cosa,bsina)

bsin@ _ b
acos@ a

Gradient of OP = tan @

Gradient of OQ = é tan
a

So
(étanej(étanaj:—l
a a
s ]
tan@tanotz——2 and tanaz——zcote
b ; b \/a4 cos’ O+ b*sin’ 0
Hence sino = @ cosb
\/a4 cos’ O+ b*sin* 0 s
b sin@ @ cos6
and coso = —
\/a4 cos’ 0+ b*sin’ 6
So Q—[— ab*sin@ ba* cos6 J e
Ja* cos* 0+ b*sin> 0 a* cos? 6+ b sin’ 0 S .
b~ sin0

Method 2
LetQ be (xl,yl)
Gradientof OP= 2519 _ 2 110
acosf a
Gradient of OQ = h_ “2eotg =2 ?ose
X, b bsin0
_ —ax, cos0
7/ bsin @
2 2
a b
2
2 2 X
-+( -]
b,
=?(a —Xl)

2.2 2 2
ax; cos 0:b_( 2 2)
b*sin’* 0 a’

,_ da’b'sin’6
Y= 2 4 .2
a’ cos"0+b sin" 0
+ab’ sin 6
X, =
1 .
\/a4 cos’ 0+ b*sin’ 6
Ta*bcosO
Y

\/a4 cos’ 0+ b*sin’ 6

To include
diagram or
equivalent
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S0Q :( +ab’ sin6 Ta*bcosH ]
\/a4 cos>0+b'sin’ O \/a4 cos’ O+ b* sin* 0

Onel equivalent solution is

+ab’ Fa’bcoth

\/a4 cot’ 0+ b* ’\/a4 cot’ 0+ b*

Accept

+ or F

Or
equivalent




